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Abstract
It is known that complete multipartite graphs are determined by their distance
spectrum but not by their adjacency spectrum. The Seidel spectrum of a graph G on
more than one vertex does not determine the graph, since any graph obtained from G
by Seidel switching has the same Seidel spectrum. We consider G to be determined by
its Seidel spectrum, up to switching, if any graph with the same spectrum is switching
equivalent to a graph isomorphic to G. It is shown that any graph which has the
same spectrum as a complete k-partite graph is switching equivalent to a complete
k-partite graph, and if the different partition sets sizes are p1, . . . , pl, and there are
at least three partition sets of each size pi, i = 1, . . . , l, then G is determined, up to
switching, by its Seidel spectrum. Sufficient conditions for a complete tripartite graph
to be determined by its Seidel spectrum are discussed, and a conjecture is made on
complete tripartite graphs on more than 18 vertices.
Keywords: Complete multipartite graphs, Seidel matrix, Seidel switching, S-determined
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1 Introduction
The graphs in this paper are simple. Let V (G) denote the vertex set of a graph G and
let E(G) denote its edge set. If two distinct vertices vi, vj ∈ V (G) are adjacent in G,
we write vi ∼ vj , otherwise, vi 6∼ vj . The adjacency matrix, A(G) = (aij), of a graph
G with V (G) = {v1, . . . , vn} is an n × n (0, 1) symmetric matrix in which aij = 1 if
and only if vi ∼ vj. The spectrum of G is the multiset of the eigenvalues of A(G).
Several parameters of a graph can be deduced from the spectrum of A(G). For example,
trace(A(G)k) =
∑n
i=1 λ
k
i is the number of all closed walks, of length k in G, so in particular,
|E(G)| = 12 trace(A(G)2) and the number of triangles in G is 16trace(A(G)3). Thus it is
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interesting to know which graphs are determined (up to isomorphism) by their spectrum,
that is, graphs for which there exist no non-isomorphic graph with the same spectrum.
Two non-isomorphic graphs G and H are cospectral if they have the same spectrum.
A classical example of non-isomorphic cospectral graphs is given in Figure 1 [5]; their
common spectrum is {[2]1, [0]3, [−2]1} (exponents indicate multiplicities). The complete
graph Kn and the path graph Pn are determined by their spectrum.
Let V (G) = {v1, . . . , vn}. Then D(G) = (dij) is the diagonal matrix with dii the degree
of vi. Let I denote the identity matrix and J the all-ones matrix. A linear combination
of A(G),D(G), J and I is called a generalised adjacency matrix. There are many results
on the spectra of generalised adjacency matrices, see the excellent surveys [13, 7, 14].
Generalised adjacency matrices include the Laplacian, L(G) = D(G)−A(G), the signless
Laplacian, Q(G) = D(G)+A(G), and the Seidel matrix S(G) = J− I−2A(G). Note that
the Seidel matrix S(G) = (sij) of G is the square matrix of order n defined by
sij =


0 if vi = vj ,
1 if vi 6∼ vj , vi 6= vj,
−1 if vi ∼ vj , vi 6= vj.
Other matrices for which the spectrum is of interest are the distance matrix, where the
(i, j) entry is the distance between vi and vj , and the normalized Laplacian, L(G) =
D(G)−
1
2L(G)D(G)−
1
2 . Let X ∈ {generalised adjacency, Laplacian, signless Laplacian,
normalised Laplacian, distance, Seidel}. The X spectrum of G is the spectrum of the
X matrix of G, and the references mentioned above contain many results on finding
non-isomorphic X cospectral graphs (i.e., non-isomorphic graphs that have the same X
spectrum) or showing that a graph is determined by its X spectrum. In addition, some
graphs that are determined by the normalized Laplacian spectrum are given in [4, 2], and
the references there. Our paper is a small contribution to the rich literature on graphs that
are determined by their X spectrum. This is done by considering the Seidel spectrum of
complete multipartite graphs. We mention in passing, that complete multipartite graphs
are determined by the spectrum of the distance matrix but not by the spectrum of the
adjacency matrix [6, 8].
Let U,W ⊆ V (G) form a partition of V (G). A Seidel switching with respect to U
transforms G to a graph H by deleting the edges between U and W and adding an edge
between vertices u ∈ U and w ∈W if (u,w) /∈ E(G). For more details on Seidel matrices
and related topics, see [15, 11, 12, 1] and the references there. Seidel switching is an
equivalence relation and we say that G and H are switching equivalent. In general, G
and H are not isomorphic, but since S(H) = ΛS(G)Λ, where Λ is a signature matrix (a
diagonal matrix with 1 entries corresponding to vertices of U and −1 entries corresponding
to vertices of W ), S(H) and S(G) are similar and have the same spectrum. Hence such G
and H are cospectral, so no graph with more than one vertex is determined by its Seidel
spectrum. Hence we say that a graph G is Seidel determined, up to switching, (or, in short,
S-determined) if the only graphs with same Seidel spectrum are switching equivalent to a
graph isomorphic to G.
The paper is organized as follows. In Section 2 we discuss some notations and prelim-
inaries used in the main results. In Section 3 we consider complete multipartite graphs.
We show that each graph Seidel cospectral with a complete k-partite graph is switching
equivalent to a complete k-partite graph, and describe cases when complete multipartite
graphs are S-determined. Complete tripartite graphs are considered in Section 4, where
we present triples p, q, r for which Kp,q,r is S-determined and examples of non-isomorphic,
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Figure 1: A pair of on-isomorphic cospectral graphs
non switching equivalent, Seidel cospectral complete tripartite graphs. We conclude with
a conjecture on complete tripartite graphs on more than 18 vertices.
2 Notations and preliminaries
We begin with presenting the Seidel spectrum of some graphs.
Lemma 2.1. (a) The Seidel spectrum of the empty graph on n vertices is {[n−1]1, [−1]n−1}.
(b) The Seidel spectrum of the complete graph Kn is {[1]n−1, [1− n]1}.
(c) The Seidel spectrum of the complete bipartite graph Kp,q is {[p+ q− 1]1, [−1]p+q−1}.
Proof. The Seidel matrix of the empty graph on n vertices is the n×n matrix J − I. The
Seidel matrix of Kn is I − J , and the graph Kp,q is obtained by switching from the empty
graph on p+ q vertices, where U is any subset of p vertices.
To prove our main theorem we need the Seidel spectra of some graphs on 5 vertices
with an isolated vertex.
Figure 2: K1 ∪ P4, K1 ∪K2 ∪K2 and K1 ∪H
Lemma 2.2. (a) The Seidel spectrum of K1∪P4 is [
√
5]2, [0]1, [−√5]2; −√5 ≈ −2.2361.
(b) The Seidel spectrum of K1 ∪ K2 ∪ K2 is
[
1+
√
17
2
]1
, [1]2,
[
1−√17
2
]1
, [−3]1; 1−
√
17
2 ≈
−1.5616.
(c) The Seidel spectrum of the K1 ∪H, where H is the paw graph , is[
1+
√
17
2
]1
, [1]2,
[
1−√17
2
]1
, [−3]1.
Proof. Parts (a) and (b) are found by direct computation. For (c) note that K1 ∪ H is
obtained from K1 ∪ K2 ∪ K2 by switching with respect to U = {u}, where u is an end
vertex of one of the two edges.
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3 Complete multipartite graphs
For considering general complete multipartite graphs, we need some facts about their
Seidel spectrum. The Seidel spectrum of the complete multipartite graph Kp,p,...,p was
found in [9] by computing the characteristic polynomial of the graph. We include here a
different proof.
Lemma 3.1. The Seidel spectrum of the graph Kp,p,...,p on n = kp vertices is
{[2p − 1]k−1, [−1]n−k, [−n+ 2p− 1]1}.
Proof. The Seidel matrix of Kp,p,...,p is (2Ik−Jk)⊗Jp−In, where ⊗ denotes the Kronecker
product, and n = kp. The spectrum of 2Ik − Jk is {[2]k−1, [2 − k]1}, and that of Jp is
{[p]1, [0]p−1}. The spectrum of their Kronecker product consists of all the products of
these eigenvalues: {[2p]k−1, [0](p−1)k , [(2 − k)p]1} = {[2p]k−1, [0]n−k, [2p − n]1}. Thus the
Seidel spectrum of Kp,p,...,p is {[2p − 1]k−1, [−1]n−k, [−n+ 2p − 1]1}.
The next lemma is mostly implicit in [16, Corollaries 2.2 and 2.3, and eq. (3)]. We
include a partial explanation for better clarity.
Lemma 3.2. Let p1 ≥ p2 ≥ . . . ≥ pk ≥ 1. Denote the Seidel eigenvalues of the complete
k-partite graph Kp1,p2,...,pk by λ1 ≥ λ2 ≥ . . . ≥ λn, where n = p1 + p2 + . . .+ pk. Then
(1) λ1 ≥ λ2 ≥ . . . ≥ λk−1 > 0 > λk = −1 = . . . = −1 = λn−1 ≥ λn.
(2) 2p1 − 1 ≥ λ1 ≥ 2p2 − 1 ≥ λ2 ≥ . . . ≥ 2pk−1 − 1 ≥ λk−1 ≥ 2pk − 1,
(3) (2− k)pk − 1 ≥ λn ≥ 2pk − n− 1.
(4) For i = 1, . . . , k − 1, if pi > pi+1, then 2pi − 1 > λi > 2pi+1 − 1.
Proof. The graph Kpk,pk,...,pk is an induced subgraph of Kp1,p2,...,pk , with Seidel eigenvalues
µ1 ≥ µ2 ≥ . . . ≥ µkpk . By Lemma 3.1,
µ1 = . . . = µk−1 = 2pk − 1 > 0.
By interlacing we get that
λi ≥ µi > 0
for every i = 1, . . . , k − 1, and
(2− k)pk − 1 = µkpk ≥ λn−kpk+kpk = λn.
Let S be the Seidel matrix of Kp1,p2,...,pk . It is easy to see that in I + S there are only k
different rows (the i-th of which is repeated pi times, i = 1, . . . , k). Thus rank(I +S) ≤ k,
and −1 is an eigenvalue of S of multiplicity at least n − k. This completes the proof of
(1) (and part of (3)).
The more detailed inequalities on the Seidel eigenvalues in (2) and (4) follow from
analysis of the characteristic polynomial of S, done in [16, Theorem 2.2]. The polynomial
is
(x+ 1)n−k


k∏
i=1
(x− 2pi + 1) +
k∑
j=1
pj
k∏
i=1
i6=j
(x− 2pi + 1),


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and thus the n− k eigenvalues of S other than the known −1’s are the roots of
f(x) =
k∏
i=1
(x− 2pi + 1) +
k∑
j=1
pj
k∏
i=1
i6=j
(x− 2pi + 1).
The inequality λn ≥ 2pk − n− 1 follows from
0 =
n∑
i=1
λi ≤
k−1∑
i=1
(2pi − 1) + (n− k)(−1) + λn,
combined with
∑k−1
i=1 pi = n− pk. This completes the proof of (3).
Theorem 3.3. Let the Seidel spectrum of G be equal to that of the complete k-partite
graph Kp1,p2,...,pk. Then G is a complete k-partite graph, up to switching.
Proof. We first show that G is complete multipartite up to switching. By using a switching
with respect to the neighborhood of a single vertex, we may assume that G = K1 ∪D. As
the Seidel spectrum of G is equal to that of Kp1,p2,...,pk , λn−1 = −1. If µ1 ≥ . . . ≥ µ5 are
the Seidel eigenvalues of an induced subgraph of G on 5 vertices, µ4 ≥ λn−5+4 = −1 by
interlacing. Hence, by Lemma 2.2, G cannot have an induced K1∪K2∪K2, or an induced
K1 ∪ P4, or an induced K1 ∪H, where H is the paw graph. Therefore D cannot contain
an induced K2 ∪K2 or an induced P4, or an induced paw.
At most one of the components of D may contain an edge, since otherwise D contains
an induced K2 ∪K2, contrary to the assumption. Let χ(D) = t be the chromatic number
of D. If t > 1 then D contains (exactly one) component C with at least one edge, and
χ(D) = χ(C). Let C = V1 ∪ V2 ∪ . . . ∪ Vt, such that v 6∼u whenever v, u ∈ Vi, and for each
i 6= j there is an edge with one end in Vi and one end in Vj . Let v ∈ Vi and u ∈ Vj be
neighbors. If w ∈ Vi, w 6= v, then w has to be a neighbor of u too. To see that, suppose
on the contrary that w 6∼u. Then by the connectivity of C, w has a neighbor z 6= u. As
v 6∼w, the subgraph of D induced on vertices {v, u, z, w} is one of the following: either an
induced K2 ∪ K2 (if it has only the edges vu and wz), or an induced P4 (if u ∼ z and
v 6∼ z), or an induced paw (if v and u are both neighbors of z). This contradicts the
observation above, that none of these is a possible induced subgraph of D. Thus every
neighbor of v ∈ Vi is also a neighbor of all the other vertices in Vi. Suppose u ∈ Vj , j 6= i.
By the same argument, each vertex in Vj is a neighbor of each of the vertices in Vi. Hence
the graph induced on Vi ∪ Vj is complete bipartite. Since this holds for any i 6= j, the
graph C is complete t-partite graph. Therefore D, and thus G, consists of a complete
multipartite graph and isolated vertices.
Let U be the set of all isolated vertices of K1 ∪D. Switching with respect to U yields
a complete (t+1)-partite graph. Hence G is a complete r-partite graph for some r (up to
switching). The number of positive Seidel eigenvalues of G is therefore r−1. On the other
hand, the Seidel eigenvalues of G are those of Kp1,p2,...,pk , hence r − 1 = k − 1, implying
that G is a complete k-partite graph, up to switching.
According to the next theorem, two complete k-partite graphs, k ≥ 3, can be switching
equivalent only if they are isomorphic.
Theorem 3.4. Let p1 ≥ p2 ≥ . . . ≥ pk ≥ 1 and q1 ≥ q2 ≥ . . . ≥ qk ≥ 1 be two different
k-tuples, k ≥ 3, such that ∑ki=1 pi = ∑ki=1 qi. Then Kp1,p2,...,pk and Kq1,q2,...,qk are not
switching-equivalent.
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Proof. Let Vi denote the independent set in G = Kp1,p2,...,pk of size pi, i = 1, . . . , k. Let
Wi, i = 1, . . . , k, be the independent sets in Kq1,q2,...,qk . Suppose there exists U ⊆ ∪ki=1Vi
such that switching G with respect to U yields G′ = Kq1,q2,...,qk . The set U is not empty,
since by the assumption on the k-tuples G′ 6= G.
We denote Vi1 = Vi∩U , and Vi2 = Vi \Vi1. In G′, each vertex in Vi1 is connected by an
edge with each vertex in Vi2, and with each vertex in Vj1, j 6= i, and to no other vertices.
Similarly, each vertex in Vi2 is connected also with each vertex in Vj2, j 6= i.
Suppose without loss of generality that V11 6= ∅. Then at most one of Vi2, i = 2, . . . , k,
is not empty. For if Vi2, Vj2 6= ∅, for i, j ≥ 2, i 6= j, then as V11 ⊆ Wℓ for some ℓ, and
V11 ∪ Vi2 is independent in G′, also Vi2 ⊆ Wℓ. Similarly, Vj2 ⊆ Wℓ. But since there are
edges between Vi2 and Vj2, this contradicts the independence of Wℓ. So suppose without
loss of generality that Vi2 = ∅ for 3 ≤ i ≤ k. Then Vi1 = Vi for 3 ≤ i ≤ k.
Now both V11 and Vk1 are not empty. If V22 6= ∅, then V11 ∪ V22 is independent in
G′ and thus contained in Wℓ. But then since Vk1 ∪ V22 is independent, also Vk1 ⊆ Wℓ.
A contradiction, since there is an edge between V11 and Vk1. Hence V22 is empty, and
V21 = V2 is non-empty. By the independence of both Vk1 ∪ V12 and V21 ∪ V12 in G′, and
the existence of edges between Vk1 and V21, we get that V12 has also to be empty. That is,
V11 = V1, and thus U consists of all the vertices of G, which means that G
′ = G, contrary
to the assumption that the k-tuples are different.
The last theorem leaves out the case k = 2.
Remark 3.5. By Lemma 2.1 all complete bipartite graphs are Seidel cospectral. However,
any two complete bipartite graphs are also switching equivalent: Let Kp,q and Ks,t be two
non-isomorphic complete bipartite graphs, with p+ q = s+ t = n, {s, t} 6= {p, q}. Suppose
p ≥ q, s ≥ t, and p > s. Let V1 and V2 be the independent sets in Kp,q, |V1| = p,
|V2| = q. Let U ⊆ V1 be any set of s − q vertices (by our assumptions, p − t = s − q and
p− t > s− t ≥ 0, so p > s− q > 0). Then after switching Kp,q with respect to U , we get
Ks,t with independent sets W1 = U ∪ V2 and W2 = V1 \ U .
Combining Remark 3.5 with Theorem 3.3 we get that if a graph G is cospectral with
Kp,q, then G is switching equivalent to a complete bipartite graph, and therefore to Kp,q.
Theorem 3.6. Any complete bipartite graph is S-determined.
In some cases a complete k-partite graph is determined by its Seidel spectrum up to
switching. The following is one such case.
Theorem 3.7. Let p1 > . . . > pl ≥ 1. The graph Kp1, ..., p1︸ ︷︷ ︸
s1
,...,pl, ..., pl︸ ︷︷ ︸
sl
, where si ≥ 3 for
every i = 1, . . . , l, is S-determined.
Proof. Let ri =
∑i
j=1 sj , i = 1, 2, . . . , l, r0 = 0. Denote k = rl. Let λ1 ≥ . . . ≥ λn, where
n =
∑l
i=1 sipi, be the Seidel eigenvalues of the k-partite graph Kp1, ..., p1︸ ︷︷ ︸
s1
,...,pl, ..., pl︸ ︷︷ ︸
sl
. By
Lemma 3.2, for i = 1, . . . , l
λj = 2pi − 1, j = ri−1 + 1, . . . , ri − 1,
and
2pi − 1 > λri > 2pi+1 − 1.
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If for q1 ≥ q2 ≥ . . . ≥ qk the graph Kq1,q2,...,qk has the same Seidel spectrum, then by
Lemma 3.2(2), for i = 1, . . . , l,
2qj − 1 ≥ λj = 2pi − 1 ≥ 2qj+1 − 1, j = ri−1 + 1, . . . , ri − 1.
Hence qj = pi for j = ri−1 + 2, . . . , ri − 1.
By Lemma 3.2(4), qri−1+1 > qri−1+2 is impossible, since otherwise
2qri−1+1 − 1 > λri−1+1 > 2qri−1+2 − 1,
contrary to λri−1+1 = 2pi − 1 = 2qri−1+2 − 1 obtained above. Hence, qj = pi, for j =
ri−1 + 1, . . . , ri − 1, i = 1, . . . , l.
Since
∑k
j=1 qj =
∑k
i=1 sipi, we have
∑l
i=1 qri =
∑l
i=1 pi. As qri ≤ qri−1 = pi for every
i = 1, . . . , l, the latter equality of sums implies that qri = pi for every i.
In general, however, there may be complete k-partite graphs that are not switching-
equivalent and have the same Seidel spectrum. Some examples of such tripartite graphs
are included in the next section.
4 Complete tripartite graphs
It was shown in [9] that the characteristic polynomial of the Seidel matrix of the complete
tripartite graph Kp,q,r is
(λ+ 1)n−3(λ3 + λ2(3− n) + λ(3− 2n) + (4pqr − n+ 1)),
where n = p+ q + r. Thus if λ1 > λ2 are the two positive Seidel eigenvalues of Kp,q,r and
λn is its smallest Seidel eigenvalue, then λ1, λ2, λn are the roots of the polynomial
λ3 + λ2(3− (p + q + r)) + λ(3− 2(p + q + r)) + (4pqr − (p+ q + r) + 1).
As the other n − 3 eigenvalues in both graphs are all equal to −1, Kx,y,z has exactly the
same Seidel spectrum as Kp,q,r if and only if the following two equalities hold:
x+ y + z = p+ q + r (1)
xyz = pqr . (2)
Combined with Theorem 3.4 this implies the following.
Observation 4.1. The complete tripartite graph Kp,q,r is S-determined if and only if the
unique solution (up to permutation) to the system of equations (1) and (2) is {x, y, z} =
{p, q, r}.
Example 4.2. The graphs K6,6,1 and K9,2,2 have the same Seidel spectrum, but are not
switching-equivalent.
We mention a few more observations:
• Suppose one of x, y, z is equal to one of p, q, r, say x = p. Then y and z have to
have the same sum and the same product as q and r. But q, r is the only pair of
integers with sum q+ r and product qr. Thus if Kx,y,z has the same Seidel spectrum
as Kp,q,r and is not switching-equivalent to Kp,q,r, then {x, y, z} ∩ {p, q, r} = ∅.
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• IfKx,y,z has the same Seidel spectrum asKp,q,r, thenKkx,ky,kz has the same spectrum
as Kkp,kq,kr. Thus if Kp,q,r is not S-determined, then for every positive integer k the
graph Kkp,kq,kr is not S-determined. The converse does not hold: K10,2,2 has the
same Seidel spectrum as K8,5,1, but K5,1,1 is S-determined, see Theorem 4.8 below.
It is not hard to find infinitely many pairs of different triples p, q, r and x, y, z such
that Kp,q,r and Kx,y,z have the same Seidel spectrum. Some examples will be given below.
In fact, it was shown in [10] that for every positive integer m there are infinitely many
sets of m different primitive triples sharing the same sum and the same product (where a
triple is primitive if the greatest common divisor of its elements is 1).
In the remainder of this section, we mention some cases when complete tripartite
graphs are S-determined, and some cases when they are not.
Theorem 4.3. In the following cases the graph Kp,q,r is S-determined:
(a) p = q = r.
(b) p, q, r are all powers of the same prime a.
(c) max{p, q, r} is prime.
Proof. Part (a) is a special case of Theorem 3.7. Part (b) holds since in this case if Kx,y,z
has the same Seidel spectrum as Kp,q,r, then xyz = pqr implies that each of x, y, z is a
power of a. Since there is a unique way to write p+ q+ r as a sum of powers of the prime
a, the triple x, y, z is equal to p, q, r.
We now prove part (c). Suppose p ≥ q ≥ r and p is prime. If xyz = pqr, then p divides
one of x, y, z, say x. If x = kp, k ≥ 2, then
3p ≥ p+ q + r = x+ y + z ≥ kp+ 2
implies that k = 2. But then
qr = 2yz and q + r = p+ y + z,
and thus q ≥ q + r − p = y + z ≥ 2z. This in turn implies
2yz = qr ≥ 2zr,
hence y ≥ r. We get that
p+ y ≥ q + r = p+ y + z > p+ y,
a contradiction. Thus x = p, and therefore the triple p, q, r and the triple x, y, z are
identical.
We now consider whether slightly weaker conditions may suffice for Kp,q,r to be S-
determined. Does equality of exactly two elements in the triple p, q, r suffice? Does a
prime in the triple, but not the largest, suffice? Do two primes suffice? In general, the
answer to each of these questions is negative:
Example 4.4. For every positive integer k (k and 2k − 1 not necessarily prime) the
graphs Kk(2k−1),k(2k−1),1 and K(2k−1)2,k,k are Seidel cospectral, and for k > 1 they are
non-isomorphic. Thus for every r > 1 there exists p > r such that Kp,r,r is not S-
determined, and for every r ≥ 1 there exist infinitely many non-prime p’s such that Kp,p,r
is not S-determined.
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To point out some cases whereKp,p,r, p > r, is S-determined, we first prove an auxiliary
result.
Lemma 4.5. Let p > r and let Kx,y,z be Seidel cospectral with Kp,p,r, where x ≥ y ≥ z
and x, y, z /∈ {p, r}. Then
x > p > y ≥ z > r and x+ y < 2p.
Let Kx,y,z be Seidel cospectral with Kp,r,r, where x ≥ y ≥ z and x, y, z /∈ {p, r}. Then
p > x ≥ y > r > z and x+ y < 2p.
Proof. let λ1 ≥ λ2 be the two positive Seidel eigenvalue of Kp,p,r. By Lemma 3.2, since
p > r,
2p − 1 ≥ λ1 ≥ 2p− 1 > λ2 > 2r − 1.
Thus λ1 = 2p− 1, and λ2 > 2r − 1. By Lemma 3.2,
2x− 1 ≥ 2p − 1 ≥ 2y − 1 ≥ λ2 ≥ 2z − 1.
Since 2x− 1, 2y − 1 6= 2p− 1 the first two inequalities are strict, and hence x > p > y. So
x = p+ a, y = p− b, with a and b positive integers. As
p+ a+ p− b+ z = 2p+ r,
we get that r = z + a− b. Thus from xyz = p2r we get
(p+ a)(p − b)z = p2(z + a− b),
implying that
(a− b)pz − abz = (a− b)p2,
or
(a− b)p(z − p) = abz.
As in the last equality the right hand side is positive, and z ≤ y < p, we must have a < b,
and
x+ y = p+ a+ p− b < 2p.
This in turn implies that
z = 2p + r − (x+ y) > r.
The proof of the second claim in the lemma is similar.
Theorem 4.6. Let a and b be different primes. Then Kab,ab,a is S-determined if and only
if the ordered pair (a, b) 6= (2, 3).
Proof. For the only if note that the tripartite graph K6,6,2 is Seidel cospectral with K8,3,3.
Now suppose (a, b) 6= (2, 3). By by Lemma 4.5 combined with (1) and (2), the graph
Kx,y,z, x ≥ y ≥ z and x, y, z /∈ {ab, a}, is Seidel cospectral with Kab,ab,a if and only if the
following three conditions are satisfied:
x+ y + z = 2ab+ a (3)
xyz = a3b2 (4)
x > ab > y ≥ z > a (5)
9
By (4) z cannot be a product of at least two primes, since otherwise xy is a product of
at most three primes, which cannot occur in combination with x > y ≥ z. Hence z is a
prime. In the case that b < a, Kab,ab,a is S-determined since in this case there is no prime
z > a which divides a3b2. If b > a, then z = b. Then xy = a3b, x > y ≥ b, x, y /∈ {ab, a},
holds only if x = a3, y = z = b. By (3), a3 + 2b = 2ab + a , so a3 − a = 2b(a − 1) and
therefore a(a+1) = 2b. But this last equality is satisfied only if a = 2 and b = 3, contrary
to our assumption. Therefore Kab,ab,a is S-determined in this case also.
In the next result, we consider Kp,p,1, where p is a product of two different primes.
Theorem 4.7. If p = ab, where a > b are both prime, and Kp,p,1 is not S-determined,
then a = 2b − 1 and the only complete tripartite graph Seidel cospectral with Kp,p,1 is
Ka2,b,b.
Proof. By the assumption and Lemma 4.5, there exist x > p > y ≥ z > 1 such that
Kx,y,z is Seidel cospectral with Kp,p,1. Then xyz = a
2b2. By Lemma 4.5, x > ab, and as
y, z /∈ {ab, 1}, x /∈ {a2b2 , a2b , ab2}. Thus either x = b2 or x = a2. Suppose x = b2. Then
yz = a2 and, since y, z 6= 1, necessarily y = z = a. By (1) we get that
b2 + 2a = 2ab+ 1,
and therefore
b2 − 1 = 2a(b− 1),
implying that b + 1 = 2a. But this is impossible by the assumption that a > b(> 1). By
the same computation, in the remaining case, that x = b2, necessarily y = z = a and we
get that a + 1 = 2b. The graphs Kab,ab,1 and Ka2,b,b do have the same Seidel spectrum
when a = 2b− 1 (see also Example 4.4).
In the next result, we consider the general case that one element in the triple is 1.
Theorem 4.8. Kp,q,1 is S-determined if q ≤ 4. For every q > 4 there exists a positive
integer p such that Kp,q,1 is not S-determined.
Proof. If
x+ y + z = p+ q + 1 (6)
xyz = pq , (7)
where x ≥ y ≥ z is a triple different from p, q, 1, then in particular y ≥ z ≥ 2, and by
Theorem 4.3(c) x is not prime. Multiplying (6) by q and substituting pq by xyz we get
q(x+ y + z) = xyz + q2 + q,
and thus q(y + z − q − 1) = x(yz − q). As y ≥ z ≥ 2, yz ≥ y + z. Thus
x(yz − q) ≤ q(yz − q − 1). (8)
For the first part of the theorem, suppose on the contrary that such x ≥ y ≥ z exist
for q ≤ 4. As y, z ≥ 2, we have yz ≥ 4 ≥ q. And yz 6= q, since otherwise in (8) we get
that 0 ≤ −q. Thus yz > q and
x ≤ q yz − q − 1
yz − q < q.
10
But since q ≤ 4 this means that x is prime, and we get a contradiction.
For the second part of the theorem suppose first that q > 4 is odd, then K (q−1)2
2
,q,1
and K
q
q−1
2
,
q−1
2
,2 have the same Seidel spectrum. This covers in particular the case that q
is prime.
If q > 4 and q = ab, where a > 1 and b > 2, let p = (b − 1)(ab − a − b + 2). Then
x = b(ab− a− b+ 2), y = b− 1, z = a form a triplet such that Kx,y,z has the same Seidel
spectrum as Kp,q,1.
Corollary 4.9. For any intger n ≥ 3 there exists an S-determined complete tripartite
graph of order n.
By computer check, complete tripartite graphs on n vertices, n < 13 or n = 15 or
n = 18 are S-determined. For n = 13, 14, 16, 17 there exist complete tripartite graphs
which are not S-determined. For n = 13,K9,2,2,K6,6,1 are Seidel cospectral. For n =
14,K8,3,3,K6,6,2 are Seidel cospectral. For n = 16,K9,5,2,K10,3,3 are Seidel cospectral. For
n = 17,K9,4,4,K8,6,3 are Seidel cospectral.
Remark 4.10. A natural question is for which integers n there exist complete tripartite
graphs on n vertices that are not S-determined. This question was settled in an Under-
graduate Research Project at the Technion by Ramy Masalha and Eli Bogdanov [3]. They
showed that for n = 7k−α, α ∈ {1, 2, 3, 4, 5, 6, 7}, the following two triples have the same
sum and the same product:
α, 3k, 4k − 2α and 2α, k, 6k − 3α.
For n /∈ {22, 24, 30, 36, 42} these are two different triples. For the remaining values of n
they found the following pairs of triples:
n = 22 : 9, 8, 5 and 10, 6, 6
n = 24 : 12, 10, 2 and 16, 5, 3
n = 30 : 20, 7, 3 and 21, 5, 4
n = 36 : 21, 13, 2 and 26, 7, 3
n = 42 : 24, 16, 2 and 32, 6, 4
Thus for every n ≥ 13, other than n = 15 and n = 18, there exists a complete tripartite
graph on n vertices that is not S-determined.
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